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This paper presents the particular integral formulation for two (2D) and three (3D) dimensional transient dynamic elas-
toplastic analyses. The elastostatic equation is used for the complementary solution. The particular integrals for displace-
ment, traction and stress rates are obtained by introducing the concept of a global shape function to approximate
acceleration and initial stress rate terms of the inhomogeneous equation. The Houbolt time integration scheme is used
for the time-marching process. The Newton–Raphson algorithm for plastic multiplier is used to solve the system equation.
The developed program is integrated with the pre- and post-processor. Numerical results for four example problems are
given to demonstrate the validity and accuracy of the present formulation.
 2007 Elsevier Ltd. All rights reserved.
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The Boundary Element Method (BEM) has developed into a powerful numerical method for solving tran-
sient dynamic elastoplastic problems (Banerjee, 1994; Banerjee and Butterﬁeld, 1981; Beskos, 1995, 2003).
Because of acceleration and initial stress terms in the governing equation, the direct application of the
BEM to the transient dynamic elastoplastic problems generates domain integrals in addition to the usual sur-
face integrals (Banerjee, 1994). Carrer and Telles (1992) proposed the domain BEM technique for 2D transient
dynamic elastoplastic problem, in which both acceleration and initial stress terms were treated by using inter-
nal cells. Coda and Venturini (2000) also presented an improved procedure, named in the domain Implicit
BEM, in which the strain ﬁeld was evaluated by taking into account the plastic inﬂuences on the acceleration
and velocity in an implicit way during the considered time step. In order to eliminate the volume integration
problem, three methods have been generally proposed over the years: the time-domain formulation, the vol-
ume integral conversion method and the particular integral method.0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.12.009
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niques, has been developed for 2D and 3D transient dynamic elastoplastic analyses (Ahmad, 1986; Banerjee
et al., 1989; Ahmad and Banerjee, 1990; Israil and Banerjee, 1992). The volume integral conversion method
(called by some by the name: dual reciprocity method) was also applied for 2D transient dynamic elastoplastic
problem (Kontoni and Beskos, 1993) by transforming the inertial volume integrals into surface integrals.
While those methods eliminate the inertial volume integrals, they still require the volume integrals due to
inelasticity.
The particular integral method is a classical technique, obtaining the total solution as the sum of a comple-
mentary solution for the homogeneous part of the diﬀerential equation and a particular solution for the total
governing inhomogeneous diﬀerential equation. Because of its simplicity and well established mathematical
roots, the method has been recently extended to transient coupled problems (Park and Banerjee, 2002a,b,
2006, 2007). For the previous development progress of the method the reader may see Yang et al. (2002).
There has been some confusion between the particular integral method and dual reciprocity method. Poly-
zos et al. (1994) stated two methods are formally equivalent, while Power and Patridge (1994) stated that for
the case in which the non-homogeneous term is a known function, the particular integral method is numeri-
cally more eﬃcient, but for the case in which the non-homogeneous term is an unknown function both meth-
ods are numerically equivalent. Although the fundamental mathematical bases of two methods are diﬀerent,
some of these confusions have mainly occurred due to the superﬁcial similarities of the matrix algebra
involved. For more details on the comparison of both the particular integral method and volume integral con-
version method the reader may see Yang et al. (2002).
The particular integral method can be applied for transient dynamic elastoplastic problems into two ways:
one way is to eliminate the volume integrals of both acceleration and initial stress terms (TS-1), and the other
is to eliminate the acceleration volume integral only (TS-2). To the best of the authors’ knowledge, no such
cell-less BEM formulation as TS-1 for transient dynamic elastoplastic analysis has been found in the published
literature.
This paper presents the particular integral formulation for 2D and 3D transient dynamic elastoplastic
problems in the case of TS-1. The solution of elastostatic equation is used as the complementary solution.
Global shape functions are considered to independently approximate the acceleration and initial stress rate
terms of the inhomogeneous equation so that the particular integrals for displacement, traction and stress
rates are derived for 2D and 3D formulations. The Houbolt time integration scheme is used for the time-
marching process. A standard predictor–corrector method, together with the Newton–Raphson algorithm
for plastic multiplier (Gao and Davies, 2000, 2002), is used to solve the system equation. The GiD software
(2007) is used as the pre- and post- processing tool. The numerical results of displacement history for four
example problems are compared with those by ABAQUS (2004), a commercial Finite Element Method
(FEM) software.
The results of evolution of the plastic region and deformed shape at various time steps are also given to
demonstrate the validity and accuracy of the present formulation. The numerical results by the formulation
of TS-2 are also given for comparison.
2. Particular integral formulation
The governing diﬀerential equation for transient dynamic elastoplastic analysis of a homogeneous, isotro-
pic body in the absence of body force can be written in an incremental form asðkþ lÞDuj;ji þ lDui;jj ¼ qD€ui þ Droij;j ð1Þ
where ui is the displacement, €ui is the acceleration, roij is the initial stress, q is the mass density, k and l are
Lame’s constants, D denotes incremental quantity, commas represent diﬀerentiation with respect to spatial
coordinates, and i, j = 1,2(3) for two(three) dimensions. The incremental initial stress rate is deﬁned asDroij ¼ Dreij  Drepij ð2Þ
where Dreij ¼ DeijklDekl, Drepij ¼ DepijklDekl, ekl is the strain and Deijkl, Depijkl are the elastic and elastoplastic consti-
tutive tensors, respectively.
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neous equationðkþ lÞDucj;ji þ lDuci;jj ¼ 0 ð3Þand particular integral upi satisfying the inhomogeneous equationðkþ lÞDupj;ji þ lDupi;jj ¼ qD€ui þ Droij;j ð4Þwhere superscripts c and p indicate complementary and particular solutions, respectively.
Then the total solutions for displacement, traction and stress rates can be expressed asDui ¼ Duci þ Dupi ð5aÞ
Dti ¼ Dtci þ Dtpi ð5bÞ
Drij ¼ Drcij þ Drpij ð5cÞwhere tci , r
c
ij and t
p
i , r
p
ij are the complementary functions and particular integrals for traction and stress rates,
respectively.2.1. Complementary solutions
The boundary integral equation related to the complementary functions, uci and t
c
i , can be written as (Baner-
jee, 1994)CijðnÞDuci ðnÞ ¼
Z
S
Gijðx; nÞDtci ðxÞ  F ijðx; nÞDuci ðxÞ
 
dSðxÞ ð6Þwhere Gij and Fij are the fundamental solutions for elastostatic equation (for details see Banerjee (1994, pp. 96–
97) for 2D and 3D problems) and Cij(n) = 1, 0 and 1/2 depending on the point n being in the interior, outside
or on a smooth boundary point, respectively.
The complementary function for the interior stress rate can be written by using the stress–strain relation-
ship as (Banerjee, 1994)DrcijðnÞ ¼
Z
S
½Grkijðx; nÞDtckðxÞ  F rkijðx; nÞDuckðxÞdSðxÞ ð7Þwhere Grkij and F
r
kij are the kernel functions for stresses (for details see Banerjee (1994, pp. 100–101)).2.2. Particular integrals
Eq. (4) contains acceleration and initial stress rate terms as well as the unknown displacement and traction
on the boundary. Thus, the direct application of BEM to Eq. (4) generates domain integrals. In order to elim-
inate the domain integrals, the concept of global shape function can be used.
By introducing the global shape functions C1ikðx; nnÞ and C2(x,nn), the acceleration €uiðxÞ and the initial stress
roijðxÞ can be approximated asD€uiðxÞ ¼
X1
n¼1
C1ikðx; nnÞD€/1kðnnÞ ð8Þ
DromlðxÞ ¼
X1
n¼1
C2ðx; nnÞD/2mlðnnÞ ð9Þ
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eration and initial stress, respectively. Then the particular integrals for displacement, stress and traction rates
can be obtained asDupi ðxÞ ¼ Dup1i ðxÞ þ Dup2i ðxÞ ¼
X1
n¼1
U 1ikðx; nnÞD€/1kðnnÞ þ
X1
n¼1
U 2imlðx; nnÞD/2mlðnnÞ ð10Þ
DrpijðxÞ ¼ Drp1ij ðxÞ þ Drp2ij ðxÞ ¼
X1
n¼1
S1ikjðx; nnÞD€/1kðnnÞ þ
X1
n¼1
S2ijmlðx; nnÞD/2mlðnnÞ ð11Þ
Dtpi ðxÞ ¼ Dtp1i ðxÞ þ Dtp2i ðxÞ ¼
X1
n¼1
T 1ikðx; nnÞD€/1kðnnÞ þ
X1
n¼1
T 2imlðx; nnÞD/2mlðnnÞ ð12ÞAppendix A and B give details of the derivation for particular integrals related to acceleration and initial stress
rate terms, respectively.
3. Numerical implementation
3.1. Formulation of the system equation
The boundary integral Eq. (6) and stress Eq. (7) can be written in matrix form as (Banerjee, 1994)½GfDtcg  ½F fDucg ¼ 0 ð13Þ
fDrcg ¼ ½GrfDtcg  ½F rfDucg ð14ÞConsidering the total solutions of Eq. (5) the complementary functions in Eqs. (13) and (14) can be eliminated
as½GfDtg  ½F fDug ¼ ½GfDtpg  ½F fDupg ð15Þ
fDrg ¼ ½GrfDtg  ½F rfDug  ð½GrfDtpg  ½F rfDupgÞ þ fDrpg ð16ÞIf a ﬁnite number of nn, N, are chosen, the particular integrals for displacement, traction and stress rates can
be written asfDupg ¼ ½U 1fD€/1g þ ½U 2fD/2g ð17Þ
fDtpg ¼ ½T 1fD€/1g þ ½T 2fD/2g ð18Þ
fDrpg ¼ ½S1fD€/1g þ ½S2fD/2g ð19ÞConsidering the ﬁctitious nodal values asfD€/1g ¼ ½C11fD€ug ð20Þ
and fD/2g ¼ ½C21fDrog ð21Þone can obtain the following equations½GfDtg  ½F fDug ¼ ½M1fD€ug þ ½M2fDrog ð22Þ
fDrg ¼ ½GrfDtg  ½F rfDug  ½Mr1f€ug  ½Mr2fDrog ð23Þwhere½M1 ¼ ð½G½T 1  ½F ½U 1Þ½C11 ð24Þ
½M2 ¼ ð½G½T 2  ½F ½U 2Þ½C21 ð25Þ
½Mr1 ¼ ð½Gr½T 1  ½F r½U 1Þ½C11 ð26Þ
½Mr2 ¼ ð½Gr½T 2  ½F r½U 2  ½SrÞ½C21 ð27Þ
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In this study, the Houbolt method is used such thatD€utþDt ¼ 1Dt2 ð2DutþDt  5Dut þ 4DutDt  Dut2DtÞ ð28ÞConsidering the equilibrium Eq. (22) at time t + Dt one can obtain2
Dt2
½M1 þ ½F 
 
fDugtþDt ¼ ½GfDtgtþDt þ
1
Dt2
½M1ð5fDugt  4fDugtDt þ fDugt2DtÞ  ½M2fDrogtþDt
ð29Þ
To solve the system Eq. (29), boundary variables as well as displacement at interior points are simultaneously
treated as the unknown variables. So Eqs. (24) and (25) are rewritten as½M1bþI ¼
½Gbb
½GIb
 
½T 1b 
½F bb ½0
½F Ib ½I 
  ½U 1b
½U 1I
" # !
½C11bþI ð30Þ
and ½M2bþI ¼
½Gbb
½GIb
 
½T 2b 
½F bb ½0
½F Ib ½I 
  ½U 2b
½U 2I
" # !
½C21bþI ð31Þwhere [I] is identity matrix, subscript I denotes interior values and subscript b indicates boundary values.
By substituting the boundary conditions at time t + Dt and taking all the unknowns to the left-hand side,
the ﬁnal system of equation can be rewritten as½AfDxgtþDt ¼ fDygtþDt  ½M2fDrogtþDt ð32Þ
where x is unknown vector of displacement and traction including displacement at interior points, y is a
known vector and A is the coeﬃcient matrix.
In a similar way, the combined form of the stress at boundary nodes and interior points can be written asfDrgb
fDrgI
 	
¼ ½G
rbb
½GrIb
 
fDtgb
½F rbb
½F rIb
 
fDugb
½0 ½0
½Mr1Ib ½Mr1II
 
fD€ugbþI 
½0 ½0
½Mr2Ib ½Mr2II
 
fDrogbþI
ð33Þ
Traction recovery method (Banerjee, 1994; Gao and Davies, 2002) is commonly used to evaluate the boundary
stress and so the explicit calculation of [Gr]bb and [F
r]bb is not needed. In addition, the boundary stresses are
not derived from the boundary integral equation and so the contribution of the inhomogeneous source shall
not be considered.
Then Eq. (33) can be rearranged asfDrg ¼ ½ArfDxg þ fDyrg  ½Mr2fDrog ð34Þ
where x is the unknown variables obtained by solving Eq. (32), yr denotes the vector of known boundary val-
ues. Eqs. (32) and (34) are nonlinear system due to the unknown initial stress vector ro. In this study, the New-
ton–Raphson algorithm for the plastic multiplier (Gao and Davies, 2000) is employed for elastoplastic
solution. The Newton–Raphson method is a popular method for solving sets of nonlinear equations and
has been used in several system equation solution strategies for nonlinear analyses in BEM (Benallal et al.,
2002;Bonnet and Mukherjee, 1996; Chopra and Dargush, 1994; Gao and Davies, 2000; Mallardo and Aless-
andri, 2004; Poon et al., 1998; Wang et al., 2007).
3.2. Newton–Raphson algorithm with plastic multiplier
The detailed explanation for the Newton–Raphson algorithm and the corresponding computer program
can be found in the reference (Gao and Davies, 2002). Here, the brief explanation is given for completeness.
The elastic stress increment can be decomposed into the total (or correct) stresses and the initial stresses via
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Using Eq. (34) for total stress and the plastic multiplier D k (Gao and Davies, 2002),fDkg ¼ frfwgTfDreg ð36Þ
Eq. (35) can be rewritten as½AkfDkg ¼ fDyf g ð37Þ
where½Ak ¼ ½I   ½rfwð½I   ½Ar½A1½M2  ½Mr2Þ½df  ð38Þ
fDyfg ¼ ½rfwðfDyrg þ ½Ar½A1fDygÞ ð39Þ
frfwg ¼ 1w
of
or
 	
ð40Þ
w ¼ of
or
 	
½De of
or
 	
þ H  oh
a
ok
 	
ð41Þ
fdf g ¼ ½De of
or
 	
ð42Þf is the yield function, H* is the weighted average of the isotropic and kinematic hardening parameters and ha
is the internal variable.
Then the residual of Eq. (37), following the i-th iteration, Ri can be written asfRgi ¼ fDyfgi  ½AkifDkgi ð43Þ
By using Taylor’s series expansion, the incremental change of plastic multiplier Dk can be obtained as½AkifDkg ¼ fRgi ð44Þ
Also the corresponding changes in unknown variables and stress can be obtained asfDxg ¼ ½A1½M2½df fDkg ð45Þ
fDrg ¼ ð½Ar½A1½M2 þ ½Mr2Þ½df fDkg ð46ÞThen the variables are updated byfDkgiþ1 ¼ fDkgi þ fDkg ð47Þ
fDxgiþ1 ¼ fDxgi þ fDxg ð48Þ
fDrgiþ1 ¼ fDrgi þ fDrg ð49Þ3.3. Calculation sequence
The computations needed in a typical time step can be summarized as follows:
Elastic predictor at time t + 1
(1) Initialize variables {Dx}t+1 = 0 and {D r}t+1 = 0.
(2) Form the known vectors {y}t+1, {y
r}t+1 and compute incremental change {Dy}t+1, {D y
r}t+1.
(3) Compute {Dx}t+1 from Eq. (32) by setting {Dr
o}t+1 = 0.
(4) Compute {Dr}t+1 using Eq. (34).
(5) Update current unknown {x}t+1 and stress {r}t+1 as trial values.
(6) Check if f({r}t+1) < 0, then repeat step 1 for the next time step, else continue the plastic corrector in the
next step for yielded nodes.
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(7) Scale the current stress to yield surface and compute excess incremental trial stress.
(8) Incrementally apply the excess stress to obtain {Dk} in Eq. (44), and then update fDkgiþ1tþ1; fDxgiþ1tþ1 and
fDrgiþ1tþ1 in Eqs. (47)–(49).
(9) If the solution of Dk does not converge, go to step (8) for the next iteration step.
(10) If converge, update unknown variables and internal variables.
(11) Assign total variables {x}t = {x}t+1 and {r}t = {r}t+1; repeat step 1 for the next time step until the end
of analysis.
4. Numerical examples
In order to test the validity of the present particular integral formulations and the resulting computer pro-
grams in both two and three dimensions, four examples of application are solved. As mentioned before, the
particular integral method can be applied into two ways. The ﬁrst approach, namely TS-1, is the case of this
study where particular integrals are applied for both acceleration and initial stress terms. In the latter
approach, namely TS-2, the particular integral of elastodynamic problem is used to eliminate the domain inte-
gral due to the acceleration term, whereas the volume integral is used to take into account the initial stress
term.
The results of displacement history for both TS-1 and TS-2 are compared with those obtained from ABA-
QUS/STANDARD (2004). The results of evolution of the plastic region and the corresponding deformed
shape at various time steps are also given. While the present program can be used for the diﬀerent material
models, such as Tresca, von Mises, Mohr–Coulomb and Drucker–Prager models, only the von Mises model
is considered.
4.1. Example 1: A cantilever beam subjected to shear load
The ﬁrst example considers the analysis of a cantilever beam subjected to suddenly applied surface traction
(p = 25) at the free end (Fig. 1). The modeling mesh for 3D analysis consists of 180 quadratic boundary ele-
ments without interior point for TS-1, while 286 quadratic boundary elements and 80 quadratic volume cells
are used for TS-2. For TS-2, only shaded region (Fig. 1 (b)) is meshed by the quadratic volume cells. The beam
thickness is taken to be 5 unit. For 2D analysis in the plane stress condition, the model consists of 30 quadratic
boundary elements with 121 interior points for TS-1 and 50 quadratic volume cells for TS-2. The material
properties used are: E = 200,000, m = 0.3, rY = 400 and q = 7.85  106. The time step D t is taken to be
1  104.
Fig. 2 shows the results of vertical displacement history at point A. Generally, good agreement among TS-
1, TS-2 and ABAQUS can be seen for both 2D and 3D analyses. Fig. 3 shows the evolution of the equivalent
stress and the corresponding deformed shape at various time steps for TS-1.
4.2. Example 2: A thick-walled cylinder subjected to internal pressure
A thick-walled circular cylinder subjected to a suddenly applied uniform internal pressure (p = 185) is ana-
lyzed under the plane strain condition. The inner radius a = 100 and the outer radius b = 200. The body is
modeled by using 96 quadratic boundary elements with 25 interior points for TS-1 and 36 quadratic volume
cells for TS-2 in 3D analysis, while 32 quadratic boundary elements with 161 interior points for TS-1 and 64
quadratic volume cells for TS-2 are used in 2D analysis (Fig. 4). In 3D analysis, the thickness of cylinder is
taken to be 25 unit. The material properties are: E = 210,000, m = 0.3, rY = 355 and q = 7.85  106. The time
step Dt is taken to be 1  104. Due to the symmetry, only the positive octant of the cylinder is investigated,
while symmetric constraints are imposed at the cutting face.
Numerical results for radial displacement history at the inner surface are shown in Fig. 5 for both 2D and
3D analyses. Again good agreement can be seen. Fig. 6 shows the evolution of the equivalent stress and the
deformed shape at various time steps.
Fig. 1. A cantilever beam subjected to shear load (Example 1).
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Consider a thick-walled hollow sphere subjected to a suddenly applied uniform internal pressure (p = 7.5).
The inner radius a = 1.0 and the outer radius b = 2.0. Two modeling meshes in Fig. 7 are used in this study.
(a) 2D analysis 
(b) 3D analysis 
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Fig. 2. Vertical displacement history at point A (Example 1).
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dratic volume cells for TS-2, more reﬁned mesh ‘B’ contains 192 quadratic boundary elements with 511 inte-
rior points for TS-1 and 192 quadratic volume cells for TS-2. The material properties are: E = 100, m = 0.3,
rY = 10 and q = 0.1. The time step Dt is taken to be 2.5  103. Due to the symmetry, only the positive octant
of the hollow sphere is investigated, while symmetric constraints are imposed at the cutting face.
Numerical results for radial displacement history at the inner surface are compared with those by ABA-
QUS using the same modeling mesh as TS-2. From Fig. 8, good agreement between TS-1 and TS-2 results
can be seen for the reﬁned mesh ‘B’. Fig. 9 shows the evolution of the equivalent stress and the deformed shape
at various time steps.4.4. Example 4: A rectangular strip with hole subjected to uniaxial tension
The ﬁnal example considers the analysis of a rectangular strip with hole. Uniform tension (p = 7.5  105) is
suddenly applied along the free end. Due to the symmetry, only a quarter of the model is analyzed. Fig. 10
Fig. 3. Plots of equivalent stress and deformed shape at various time steps (Example 1) (deformation scale factor = 10).
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boundary elements with 149 interior points for TS-1 and 60 quadratic volume cells for TS-2, while 152 qua-
dratic boundary elements without interior point for TS-1 and 60 quadratic volume cells for TS-2 are employed
in 3D analysis. The thickness of the plate is taken to be 0.5 unit in 3D analysis. The material properties are:
Fig. 4. A thick-walled cylinder subjected to internal pressure (Example 2).
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4  106.
Figs. 11 and 12 show the numerical results of displacement history at points A and B, respectively. At both
locations, very similar results are obtained for both TS-1 and TS-2, whereas somewhat diﬀerent results can be
seen from ABAQUS. Fig. 13 shows the evolution of the equivalent stress and the deformed shape at various
time steps.5. Discussions and conclusions
The application of BEM to 2D and 3D transient dynamic elastoplastic problems is described by using par-
ticular integrals. The elastostatic equation is used for the complementary solution and thus the computer pro-
gram for the present formulations can be easily implemented from any available program for elastostatic
problems by including the Houbolt time integration scheme and the Newton–Raphson algorithm.
The present formulations were veriﬁed by comparing the results of four example problems with those by
ABAQUS. Good agreement among all of those results was obtained. It has been demonstrated that 2D
and 3D transient dynamic elastoplastic problems can be solved using the well-known method of particular
integral.
These analyses use only simpler global shape function of (A  r) type to approximate the acceleration and
initial stress rate terms. More elaborate functions may have better modeling capabilities on their own but used
in the context of particular integrals may not show any better performance. In addition, the present formu-
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Fig. 5. Radial displacement history at the inner surface (Example 2).
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pler global shape function and the inversion of matrices embodied in Eqs. (20), (21), (30) and (31) do not pres-
ent a major impediment in the analysis.Appendix A. Particular integrals for acceleration term
By using Galerkin vector F 1i (Fung, 1965), the particular integral for displacement u
p1
i related to the accel-
eration term can be expressed asDup1i ðxÞ ¼
1 m
l
DF 1i;llðxÞ 
1
2l
DF 1l;liðxÞ ðA1Þwhere m is the Poisson’s ratio.
Substituting of (A1) into Eq. (4) yieldsð1 mÞDF 1i;jjllðxÞ ¼ qD€uiðxÞ ðA2Þ
Fig. 6. Plots of equivalent stress and deformed shape at various time steps (Example 2) (deformation scale factor = 75).
A. Owatsiriwong, K.H. Park / International Journal of Solids and Structures 45 (2008) 2561–2582 2573By introducing the global shape function C1ikðx; nnÞ in Eq. (8) and assumingDF 1i ðxÞ ¼
X1
n¼1
Eikðx; nnÞD€/1kðnnÞ ðA3ÞEq. (A2) can be written asð1 mÞEik;jjll ¼ qC1ik ðA4Þ
By using the following functions
Fig. 7. A hollow sphere subjected to internal pressure (Example 3).
(a) Mesh ‘A’
(b) Mesh ‘B’ 
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Fig. 8. Radial displacement history at the inner surface (Example 3).
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Fig. 9. Plots of equivalent stress and deformed shape at various time steps (Example 3) (deformation scale factor = 2.5).
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l
q
ðA rÞ ðA5Þ
Eikðx; nnÞ ¼ diklðE1A E2rÞr4 ðA6Þ
Fig. 10. A rectangular strip with hole subjected to uniaxial tension (Example 4).
2576 A. Owatsiriwong, K.H. Park / International Journal of Solids and Structures 45 (2008) 2561–2582and substituting Eqs. (A5) and (A6) into (A4), the relationships among coeﬃcients can be derived asE1 ¼ 1
8dð2þ dÞð1 mÞ ; E2 ¼
1
15ð1þ dÞð3þ dÞð1 mÞ ðA7Þ
(a) 2D analysis 
(b) 3D analysis 
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Fig. 11. Vertical displacement history at point A (Example 4).
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Then the particular integrals for displacement, stress and traction can be found asDup1i ðxÞ ¼
X1
n¼1
U 1ikðx; nnÞD€/1kðnnÞ ðA8Þ
Drp1ij ðxÞ ¼
X1
n¼1
S1ikjðx; nnÞD€/1kðnnÞ ðA9Þ
Dtp1i ðxÞ ¼
X1
n¼1
T 1ikðx; nnÞD€/1kðnnÞ ðA10Þwhere
(a) 2D analysis 
(b) 3D analysis 
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Fig. 12. Horizontal displacement history at point B (Example 4).
2578 A. Owatsiriwong, K.H. Park / International Journal of Solids and Structures 45 (2008) 2561–2582U 1ikðx; nnÞ ¼ ðU 1Aþ U 2rÞdikr2 þ ðU 3Aþ U 4rÞyiyk ðA11Þ
S1ikjðx; nnÞ ¼ dijykðS1Aþ S2rÞ þ ðdikyj þ djkyiÞðS3Aþ S4rÞ þ S5
yiyjyk
r
ðA12Þ
T 1ikðx; nnÞ ¼ S1ikjðx; nnÞnjðxÞ ðA13Þ
U 1 ¼ 2f2ð2þ dÞð1 mÞ  1gE1; U 2 ¼  5
2
f2ð3þ dÞð1 mÞ  1gE2
U 3 ¼ 4E1; U 4 ¼ 15
2
E2
S1 ¼ kf2U 1 þ ð1þ dÞU 3g þ 2lU 3; S2 ¼ kf3U 2 þ ð2þ dÞU 4g þ 2lU 4
S3 ¼ lð2U 1 þ U 3Þ; S4 ¼ lð3U 2 þ U 4Þ; S5 ¼ 2lU 4nj(x) = unit normal at x in the j-th direction.
Fig. 13. Plots of equivalent stress and deformed shape at various time steps (Example 4) (deformation scale factor = 100).
A. Owatsiriwong, K.H. Park / International Journal of Solids and Structures 45 (2008) 2561–2582 2579Appendix B. Particular integrals for initial stress term
Again by using Galerkin vector F 2i (Fung, 1965), the particular integral for displacement u
p2
i related to the
initial stress term can be expressed asDup2i ðxÞ ¼
1 m
l
DF 2i;kkðxÞ 
1
2l
DF 2k;kiðxÞ ðB1ÞSubstituting of Eq. (B1) into Eq. (4) yieldsDF 2i;lljjðxÞ ¼
1
1 mDr
o
ij;jðxÞ ðB2Þ
2580 A. Owatsiriwong, K.H. Park / International Journal of Solids and Structures 45 (2008) 2561–2582Considering the implicit expression of Eqs. (B1) and (B2) to be related by a second order tensor hij, rather than
a vector, one can introduce the following relation (Henry and Banerjee, 1988):Dhij;kknn ¼ Droij ðB3ÞSubstitution of this equation into Eq. (B2) yields an expression for the Galerkin vector in terms of this new
function:DF 2i ¼
1
1 mDhij;j ðB4ÞThen substituting this expression into Eq. (B1) yields the desired particular integral for displacementDup2i ¼
1
l
Dhil;lkk  1
2lð1 mÞDhlm;ilm ðB5ÞBy introducing the global shape function C2(x,nn) and assumingDhmlðxÞ ¼
X1
n¼1
Hðx; nnÞD/2mlðnnÞ ðB6ÞEq. (B3) can be rewritten asH ;kknn ¼ C2 ðB7ÞBy using the following functionsC2ðx; nnÞ ¼ A r ðB8Þ
Hðx; nnÞ ¼ ðH 1A H 2rÞr4 ðB9Þand substituting Eqs. (B8) and (B9) into (B7), the coeﬃcients H1 and H2 can be derived asH 1 ¼ 1
8dðd þ 2Þ ; H 2 ¼
1
15ðd þ 3Þðd þ 1Þ ðB10ÞThen the particular integrals for displacement, stress and traction can be derived asDup2i ðxÞ ¼
X1
n¼1
U 2imlðx; nnÞD/2mlðnnÞ ðB11Þ
Drp2ij ðxÞ ¼
X1
n¼1
S2ijmlðx; nnÞD/2mlðnnÞ ðB12Þ
Dtp2i ðxÞ ¼
X1
n¼1
T 2imlðx; nnÞD/2mlðnnÞ ðB13Þwhere
A. Owatsiriwong, K.H. Park / International Journal of Solids and Structures 45 (2008) 2561–2582 2581U 2imlðx; nnÞ ¼ ðU 1Aþ U 2rÞðdlmyi þ dilymÞ þ ðU 3Aþ U 4rÞdimyl þ
U 2
r
yiylym ðB14Þ
S2ijmlðx; nnÞ ¼ ðe2Aþ f2rÞdjmdil þ ðe3Aþ f3rÞdijdlm þ ðe4Aþ f4rÞdimdjl
þ f1
r
ðdilyjym þ dlmyiyj þ djlyiymÞ
þ f2
r
ðdjmyiyl þ dimyjylÞ þ
f3
r
dijylym þ
f5
r3
yiyjylym ðB15Þ
T 2imlðx; nnÞ ¼ S2ijmlðx; nnÞnjðxÞ ðB16Þ
U 1 ¼  8H 1
2lð1 mÞ ; U 2 ¼
15H 2
2lð1 mÞ
U 3 ¼ U 1 þ 8ð2þ dÞH 1l ; U 4 ¼ U 2 
15ð3þ dÞH 2
l
e1 ¼ 2lU 1; e2 ¼ lðU 1 þ U 3Þ; e3 ¼ e1 þ kfU 1ð1þ dÞ þ U 3g; e4 ¼ e2  1
f1 ¼ f5 ¼ 2lU 2; f 2 ¼ lðU 2 þ U 4Þ; f 3 ¼ f1 þ kfU 2ð2þ dÞ þ U 4g; f 4 ¼ f2 þ 1References
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